
E N D  E F F E C T S  I N  M A G N E T O H Y D R O D Y N A M I C  

A T  F I N I T E  M A G N E T I C  R E Y N O L D S  N U M B E R S  

V .  F .  V a s i l ' e v  a n d  I .  V .  L a v r e n t ' e v  

C H A N N E L S  

The  e f fec t s  of the  m a g n e t i c  R e y n o l d s  n u m b e r  have  been  e x a m i n e d  v i a  the  d i s t r i b u t i o n  of the  
m a g n e t i c  f i e l d s  i nduced  by  the m o t i o n  of a m e d i u m  in a r e c t a n g u l a r  channe l  wi th  conduc t ing  
w a l l s  in  the  p r e s e n c e  of  an i n h o m o g e n e o u s  m a g n e t i c  f ie id ;  the  e f f e c t s  of wa l l  c o n d u c t i v i t y  
and g e o m e t r y  of the  e x t e r n a l  f i e ld  a r e  a l so  e x a m i n e d  as  r e g a r d s  the  d i s t r i b u t i o n  of the  i n -  
d u c e d  c u r r e n t s ,  the  J o u l e  I o s s ,  and the  e l e c t r i c  and m a g n e t i c  f i e l d s  o v e r  the  c r o s s  s e c t i o n .  
The  p r o b l e m  has  p r e v i o u s l y  b e e n  c o n s i d e r e d  fo r  a channe l  wi th  i n s u l a t i n g  w a l l s  [1]. 

1. C o n s i d e r  a r e c t a n g u l a r  channe l  Ix ]  < ~ , IYl < a hav ing  th in  conduc t ing  w a l l s  y = ~ a ,  in  which  
t h e r e  f lows a l i qu id  (conduct iv i ty  (r) wi th  a c o n s t a n t  v e l o c i t y  V = (V, 0, 0) in the  p r e s e n c e  of an e x t e r n a l  
m a g n e t i c  f i e ld  B e = (0, 0, Be(X)). C u r r e n t s  a r e  i nduced  in  the  conduc t ing  m e d i m n ,  which  p r o d u c e  a f i e ld  B i 
s a t i s f y i n g  

ro tBi  = l~j, j / ~  = - - v ~ + V  • (B~ + Bi) (1.1) 

H e r e  q~ i s  the  e l e c t r i c a l  po t en t i a l  in the  channe l ,  and j i s  the c u r r e n t  d e n s i t y .  We a l so  a s s u m e  tha t  
a l l  quan t i t i e s  a r e  i ndependen t  of the  z c o o r d i n a t e  and t h a t j z  = 0; then  (1.1) g i v e s  B i = (0, 0, Bi (x ,y) ) .  The  
b a s i s  fo r  th i s  a s s u m p t i o n  in  an ac tua l  s i t u a t i o n  m u s t  be  d e m o n s t r a t e d  in  each  p a r t i c u l a r  e a s e  (see s e c t i o n  2). 
Then  i t  fo l lows  f r o m  (1.1) tha t  B i (x ,y  ) shou ld  s a t i s f y  

O~B. O~B i OB i aB e 
0z~ ~- ~ - -  ~ v  ~ = t ~ v  ~ (1.2) 

The  b o u n d a r y  c o n d i t i o n s  fo r  Bi(x ,y)  can  be found v i a  S h e r c l i f f e ' s  b o u n d a r y  cond i t i ons  [2] fo r  the  p o t e n -  
t i m  at the i n s i d e  of  a th in  conduc t ing  wa i l  

0r + z~t 0~  = V [B~ (z) + B~ (x)] for y = __+ a (1.3) 

Th i s  g i v e s ,  f r o m  (1.1) a f t e r  i n t e g r a t i o n  wi th  r e s p e c t  to  x and u s e  of B i = Jx = 0 f o r  x = +co, tha t  the  
b o u n d a r y  cond i t i on  fo r  B i i s  

~lt OB i =  0 for y=~_~a Bi i -d Oy 

We u s e  the  d i m e n s i o n l e s s  v a r i a b l e s  

(1.4) 

x ~ = x / a ,  g~ = y / a ,  ] =(~VB]  ~ ~ = B V a T  ~ 

Bi  = Bb(x ~ g~ Be = B/(x ~ 

and omi t  fo r  s i m p l i c i t y  the  s u b s c r i p t  z e r o  in the d i m e n s i o n l e s s  quan t i t i e s  to ge t  the fo l lowing  b o u n d a r y -  
va lue  p r o b l e m  f r o m  (1.2) and (1.4): 

(1.5) 
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b ! d ~ - ~  = 0  for y=--4-i d =  ~a]  

0y 

He re  B i s  s o m e  b a s i s  magn i tude  of the  m a g n e t i c  f i e ld ,  a t and t a r e  the  conduct iv i tT  and t h i c k n e s s  of 
the  wal l ,  and R m i s  the  m a g n e t i c  R e y n o l d s  n u m b e r .  

The s o l u t i o n  to (1.5) can  be  c o n s t r u c t e d  as  a t r i g o n o m e t r i c  s e r i e s  

co 

b (x, y) = ~, A=b~ (x) cosp=y (1.6) 
n = l  

w h e r e  the s u m  i s  t a k e n  o v e r  a l l  nonnega t ive  r o o t s  of 

d ~  tg ~n = I (1.7) 

w h e r e  cosgnY f o r m s  a c o m p l e t e  s y s t e m  of func t ions  o r t hogona l  in  the  r a n g e  yE [ -1 ,1] .  Then  (1.5) and (1.6) 
a r e  u s e d  wi th  the  o r t h o g o n a l i t y  of the  cosgnY to ge t  

-d7 e-~+* dx -k e ~-* e -~-~& (1.8) 
co 

A,~ = 4R m sin t~n 
(2g n + sin 2~n ) V Rm ~ + 4p,n2 ' 27+ = Rm ! ]/'Rm = �9 4btn ~ 

The above  s o l u t i o n  to (1.5) can  be u s e d  to g ive  the  d i s t r i b u t i o n  of the  e l e c t r i c a l  po t en t i a l  and the  J o u l e  
h e a t i n g .  In  (1.1) we put the  po t en t i a l  as  z e r o  at  x = ~-r and i n t e g r a t i o n  with  r e s p e c t  to x g i v e s  

~c 

(x, y) --  Rm (1.9) 

The J o u l e  hea t  i s  d e t e r m i n e d  as  the work  done by  the L o r e n t z  f o r c e  in  uni t  t i m e *  

Q =  ~ dx i ( B x j )  Vdy (1.10) 

We s u b s t i t u t e  (1.1) and (1.5) in to  (1.10) and i n t e g r a t e  by  p a r t s  to  ge t  an e x p r e s s i o n  fo r  the d i m e n s i o n -  
l e s s  J o u l e  d i s s i p a t i o n  

co, 

n=~ ~n (2ixn -~- sin 2~n) (R~ ~ + 4ts~) '/2 J dx b~dx 

.E, = 2BVa 

(1.11) 

2. A m o r e  o r  l e s s  r e a l i s t i c  m o d e l  i s  n e e d e d  to e s t a b l i s h  the e f f e c t s  of Rm,  a l ,  and the f i e ld  d i s t r i b u -  
t i on .  U s u a l l y  the  p ipe  l i e s  ha l fway  be tween  the p o l e s  of  an e l e c t r o m a g n e t  and the width  of the  p ipe  i s  s u b -  
s t a n t i a l l y  g r e a t e r  than  the  he igh t .  A l s o ,  we can  a s s u m e  c l o s e l y  tha t  B e = (Bex(X , z),  0, Bez(X, z)) if the  
wid th  of  the p o l e t i p s  e x c e e d s  the  p ipe  wid th  by  not  l e s s  than  the w o r k i n g  gap .  

M o r e o v e r ,  the  z d e p e n d e n c e  of B e can  be n e g l e c t e d  and one can  a s s u m e  Bex  ~ 0 if  the  p ipe  he igh t  i s  
s m a l l  r e l a t i v e  to  the  gap .  Then  the  d i s t r i b u t i o n  of the  e x t e r n a l  m a g n e t i c  f i e ld  wi l l  c o r r e s p o n d  to tha t  c h o s e n  
in s e c t i o n  1. 

I t  i s  f a r  m o r e  c o m p l i c a t e d  to  c o n s i d e r  the  m a g n e t i c  f i e l d  of the i nduced  c u r r e n t s .  F o r  the  p a r t  of the  
p ipe  in  the  m a g n e t  we c a n  a s s u m e  tha t  B i i s  i ndependen t  of z and tha t  Bix  = Biy  = 0 if  the  p o l e t i p s  have  i n -  
f in i te  p e r m e a b i l i t y .  Th i s  i s  not  obvious  fo r  the  channe l  zone ou t s i de  the m a g n e t  gap  b e c a u s e  the  f i e l d s  of 
the  eddy  c u r r e n t s  at  the i n l e t  and ou t le t  wi l l  be c l o s e d  only  p a r t l y  t h r o u g h  the i r o n ,  which  m a k e s  Biz  d e -  
penden t  on y and z,  wh i l e  Bix  and B iy  c e a s e  to  be z e r o .  

* A l l  quan t i t i e s  in  (1.10) a r e  d i m e n s i o n a l .  
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Thi s  p o s i t i o n  b e c o m e s  m o r e  d i f f i cu l t  as  R m i n c r e a s e s ,  p a r t i c u l a r l y  as  r e g a r d s  the  out le t ;  the  i nduced  
m a g n e t i c  f i e ld  a p p e a r s  in  the  b o u n d a r y  cond i t ions  at  the  w a l l s ,  and the  p r o b l e m  b e c o m e s  u n c l o s e d .  The  a s -  
s u m p t i o n s  of s e c t i o n  1 and of (1.4) can  be t e s t e d  only by  e x p e r i m e n t  o r  s i m u l a t i o n ,  as  an ana ly t i c  s o l u t i o n  
i s  v i r t u a l l y  i m p r a c t i c a b l e .  

The  a s s u m p t i o n s  of  s e c t i o n  1 and the s o l u t i o n  app ly  when the  w a l l s  p e r p e n d i c u l a r  to the  e x t e r n a l  m a g -  
ne t i c  f i e ld  have  i d e a l  m a g n e t i c  p e r m e a b i l i t y  o r  the  p o l e t i p s  ex tend  to  in f in i ty  on both s i d e s  a long the  f low.  
We a s s u m e  in fu tu re  tha t  t h i s  i s  so ,  but  on the  b a s i s  tha t  the  e x t e r n a l  m a g n e t i c  f i e ld  i s  s p e c i f i e d  by  a r e l a -  
t ion  tha t  t r u l y  r e p r e s e n t s  the  d i s t r i b u t i o n  a long the x a x i s .  

Le t  the  f i e l d  be g iven  in the f o r m  of  [3] 

l l - - A l e x p v ~ ( ] x l - - c )  for ]x ]<c  (2.1) 
/ (x) = ( ~  ~xp ~ (~ - I �9 I ) ~or I x I > 

The  v a l u e s  

A~ = 0.17, A~ ~ 0.83, v~ = 5 .29/28 , ,  v2 = 1 .07/25 , ,  8 ,  = 8/~2a, c = E / a  

c o r r e s p o n d  to the  r e a l  fa l l  in the f i e ld .  

H e r e  5 i s  the pole  gap  and 2k i s  the  l eng th  of a p o l e t i p .  Then  (1.6), (1.8), and (2.1) g ive  the  d i s t r i b u -  
t ion  of the  i nduced  m a g n e t i c  f i e ld  as  

co 
b (x, g) = 4R~ ~ sin ~ cos t%~yb n (x) 

~=1 (2~tn ~- sin 2~n ) (Rm2 -~- 4}~m~)'A (2.2) 

~lV2(Rm2-~-4~ne)lAexp[~-vz(x~c)] [ ,lv~exp(--~f+c) ,1 ,~exp(~(_+c)  2v~,~'f• ] 

H e r e  the  u p p e r  s i gn  c o r r e s p o n d s  to xE ( - % - c ] ,  and the  l o w e r  one to xE [c,oo ) 

b~ (x) = ~ (v~ § v~) (v~ -T- ~-) ( v ~  %) ~ (v~ ~ ~-T) (v~ -T- ~-  ) -~- ~ (~ :t= ~+) (~ ~ ~ ) ~ :  (~ § v~) (~F- --  ~ )  ~ exp T+x 

H e r e  the  u p p e r  s i g n  c o r r e s p o n d s  to x~ [ -c ,  0], and the l o w e r  one to  x~ [0, c] .  

F i g u r e  1 shows the i n d u c e d - c u r r e n t  p a t t e r n  f o r  d = 1 and R m of 0, 2, 10, and 50 as  g iven  by  (2.2). 
F i g u r e  1 shows  tha t  the  eddy  c u r r e n t s  a t  the i n l e t  and ou t le t  fo r  Rm = 0 a r e  d i s t r i b u t e d  s y m m e t r i c a l l y  wi th  
r e s p e c t  to the  c e n t e r  of the  m a g n e t .  As  Rm i n c r e a s e s ,  the  b o u n d a r y  to t h e s e  c u r r e n t s  m o v e s  a long the 
d i r e c t i o n  of mo t ion ,  and the i n l e t  eddy  beg ins  to expand ,  i t s  c e n t e r  sh i f t ing  t o w a r d  the m i d d l e  of the  m a g n e t  
and a t t a in ing  i t  fo r  R m = oo. The ou t le t  eddy  a l so  sh i f t s  down the f low as  R m i n c r e a s e s  and r e c e d e s  to  i n -  
f in i ty  as  Rm ~ oo. 

F o r m u l a  (2.2) shows  by  d i r e c t  i n t e g r a t i o n  tha t  the t o t a l  f lux fo r  the  i nduced  f ie ld  is  z e r o  f o r  a l l  R m 
and d, wi th  the  f luxes  due to  the  l i ve  e d d i e s  equa l  in  magn i tude  but  o p p o s i t e  in s ign ;  t hey  i n c r e a s e  wi th  R m 
and fo r  R m  = co b e c o m e  equa l  to the  e x t e r n a l  f lux,  whi le  the  f i e ld  of the  ou t l e t  eddy  and the t o t a l  r e s u l t a n t  
f i e l d  b e c o m e  z e r o .  F i g u r e  1 a l so  shows  tha t  the l i n e s  of  the  i nduced  f i e ld  b e c o m e  s t r a i g h t e r  as  R m i n -  
c r e a s e s  fo r  a g iven  d, and the i nduced  f i e l d  c e a s e s  to be dependen t  on y fo r  R m = oo. 

In  (2.2) we l e t  R m t end  to  in f in i ty  and expand  un i ty  as a s e r i e s  in cos  t~nY: 

co ~__~ sin ~n COS ~ny 
i = 4 = 2 ~ - - ~ n 2 ~  (2.3) 

which  a l lows  us  to  show tha t  the  i nduced  f i e ld  b e c o m e s  equa l  in  m a g n i t u d e  and o p p o s i t e  in s ign  to the  app l i ed  
f i e ld ,  which  i s  i ndependen t  of y .  A s i m i l a r  p i c t u r e  is  s e e n  as  d i n c r e a s e s  fo r  any R m ,  which  fo l lows  f r o m  
(2.2); d = oo g i v e s  #n = ~rn, n = 0, 1 . . . . .  and a l l  the  t e r m s  v a n i s h  e x c e p t  tha t  wi th  #n  = 0, which  m a k e s  the  
f i e ld  i ndependen t  of y. 

F i g u r e  2 shows the d i s t r i b u t i o n  of the  r e s u l t a n t  m a g n e t i c  f i e ld  bp = f + b at  the  m i d d l e  of the p ipe  fo r  
c = 2 and 6 .  = 0.75 fo r  v a r i o u s  R m and d.  C u r v e s  1(0), 2(1), 4(2), 6(5), 9(10), and 9(50) c o r r e s p o n d  to d = 0 
whi le  c u r v e s  10(1), 11(2), 12(5), 13(10), and 14(50) c o r r e s p o n d  to d = co and c u r v e s  3(1), 5(1), and 7(1) c o r -  
r e s p o n d  to d of 0.5, 1.0, and 5.0. The  v a l u e  of R m i s  g iven  in p a r e n t h e s e s  wi th  e a c h  c u r v e  n u m b e r .  
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The extent  to which the f ie ld  is  c a r r i e d  down the flow d i r e c t i o n  i n c r e a s e s  with Rm;  if d = 0, the f ield 
at the i n l e t  i s  weakened  while tha t  at the ou t le t  is  s t r e n g t h e n e d .  T h i s  t e n d e n c y  p e r s i s t s  as d i n c r e a s e s ,  
with an ove ra l l  r educ t ion  in  the r e s u l t a n t  m a g n e t i c  f ie ld .  (The f ie ld  at the in le t  b e c o m e s  negatl"ve.) Th i s  r e -  
vea l s  c l e a r l y  the d e m a g n e t i z i n g  ac t ion  of the induced  c u r r e n t s  ; the r e s u l t a n t  f ie ld  n e a r  the po le t ips  d e -  
c r e a s e s  as R m i n c r e a s e s  and tends  to ze ro  as  R m  ~ o .  

3. C o n s i d e r  ~ (x,y). We subs t i t u t e  (2.2) in to  (1.9) and get  

r vlv~T4, exp (-- vlc) viv2 sh T+c T+ (vl -- vz) vlv~ exp (!- 7+c)'1 

362 



1.5 

t2 

//  

j f - "  

g.6 f 

/0 ,5 

- ~1o I'1 - '1 ' ~  5' 

1. 7 4 ~  

F i g .  4 

The  u p p e r  s i gn  c o r r e s p o n d s  to  xE ( - ~ ,  
one to xE [c, :o) 

sin ~n sin ~ny ~ (4~tn~ 2 ~ m2)'l't 
q)(x' Y) = 8 ~ 1  (4~ 2 + ~ ( 2 - - - ~ n ~  sin21~n ) [ 2~t nL 

vi~n exp ~_ (c -~ x) viv2ttn exp ~+ (z --  c) v~n exp (-- vic) 
"~- 2~_ (vi + "~_) (v2 - -  T-) 2~+ (v~ + T+) (vi - -  ~+) ~- vl + v2 

[ vlexp';+x (4~n2.~-Rm2)V~exp(.-T-vlx)] } 

- c ) ,  and the l o w e r  

The u p p e r  s ign  c o r r e s p o n d s  to xE [ -c ,  0], and the l o w e r  
one to xE [0, c] .  

F i g u r e  3 shows  the p o t e n t i a l  a long the wa l l  fo r  c = 2 and 
5 .  = 0.75 fo r  v a r i o u s  d and R m .  The  c u r v e  n u m b e r s  a r e  f r o m  [3], 
wi th  the  c o r r e s p o n d i n g  d and R m in p a r e n t h e s e s :  1(0, 1), 2(0.5, 1), 
3(1, 1), 4 (5 ,  1), 5(~o, 1), 6 (1, 0), 7 (1, 1), 8(1, 2), 9(1, 5), 10(1, 10), 
11(1, 50), 12(1, ~ ) .  C o n s i d e r  the  e f f e c t s  of R m on the  s e n s i t i v i t y  
S = ~a(0, 1), which  c h a r a c t e r i z e s  the  o p e r a t i o n  a s  a f l o w m e t e r .  A 
f a i r l y  d e t a i l e d  d i s c u s s i o n  has  been  g iven  [3] fo r  the e f fec t s  of  5., 
c,  and  d on the  s e n s i t i v i t y .  

The  c a l c u l a t i o n s  show tha t ,  in the  g e n e r a l  c a s e  (R m r 0), the qua l i t a t i ve  a r g u m e n t s  [3] on S r e m a i n  
c o r r e c t  h e r e .  F i g u r e  3 shows  tha t  S and the m a x i m u m  wa l l  po t en t i a l  d e c r e a s e  a s  R m  i n c r e a s e s ,  and the  
s e n s i t i v i t y  m a y  be  i n c r e a s e d  b y  t ak ing  the s i g n a l  f r o m  the  wa l l  at  (Xm, 1), w h e r e  x m >_ 0 and i n c r e a s e s  wi th  
Rm (Xm = 0 fo r  Rm = 0). 

4. C o n s i d e r  now the  e f f ec t s  of R m ,  cri, and f i e ld  d i s t r i b u t i o n  on the J o u l e  l o s s .  The  ful l  e x p r e s s i o n  
i s  v e r y  i n c o n v e n i e n t  when the e x t e r n a l  f i e l d  i s  de f ined  by  (2.1), and we g ive  the  s i m p l e r  f o r m  

1 for [x[<cl 
f l ( X ) =  e x p ~ ( o - - [ x l )  for Ix l>cx (4.1) 

I f  c 1 i s  d e d u c e d  f r o m f l ( c  ) = f ( c )  and we put  v = v 2 [see (2.1)], c a l c u l a t i o n  shows  tha t  the  J o u l e  
l o s s e s  d i f f e r  by  not  m o r e  than  3~c fo r  e x t e r n a l  f i e l d s  of  (4.1) and (2.1).  The  b r o k e n  l ine  in  F i g .  2 shows  the 
f i e l d  of  (4.1) fo r  ct  = 1.74.  

Then  (4.1) g i v e s  the  d i m e n s i o n l e s s  J o u l e  d i s s i p a t i o n  as  

c o  

n=l IXn (2P'n -}- sin 2P.n) ('~. - -  T-) L v (v 2 --  T_ ~) (v 2 --  T+ ~) 
exp (2T cl) exp (-- 2T+cl) ] 
(v -- T-P (v + %)~ (4.2) 

The d e p e n d e n c e  of q on v -1 fo r  the  v a r i o u s  R m i s  a s  fo r  Rm = 0 [3], i . e . ,  the  d i s s i p a t i o n  d e c r e a s e s  as  
v -1 i n c r e a s e s  (q --- 0 fo r  ~ ~ 0). T a b l e  1 g i v e s  r e s u l t s  f r o m  (4.2) fo r  the  d i m e n s i o n l e s s  J o u l e  l o s s  fo r  v a r i -  
o u s R m ,  d, a n d c  I fo r  t h e c a s e s 6 .  = 0 i n t h e  f i r s t  l ine  (v =~o, f i e ld  g iven  as  a s t e p )  a n d S ,  = 0 . 7 5  ( P =  
0.714) fo r  the  s e c o n d .  

In v i ew  of the  above  s t a t e m e n t ,  f o r  s i m p l i c i t y  we c o n s i d e r  only  the  c a s e  v = o0, when (4.2) b e c o m e s  

sins ~n [2 --  exp (21"_c 0 --  exp (-- 2T+cx)] 
q = 2 ~, ~n (2P'n -}- sin 21xn) (T+ - -  T-) (4.3) 

A l l  subsequen t  c o n c l u s i o n s  f r o m  (4.3) a r e  c o r r e c t  fo r  a l l  v # ~ ,  a s  one can  s e e  f r o m  T a b l e  1. 

F i g u r e  4 shows  q as  a func t ion  of  d, which  c h a r a c t e r i z e s  the e f f e c t s  of wa l l  c onduc t i v i t y ,  fo r  v a r i o u s  
Rm and c 1 a s  d e d u c e d  f r o m  (4.3). We s e e ' t h a t  R m  and wa l l  conduc t ion  have  d i f f e r e n t  e f f ec t s  for  c I = ~o, 
s i n c e  q ~ 0 as  1 / R  m for  R m ~  :o, whi le  i n c r e a s e  in  d c a u s e s  q to i n c r e a s e  m o n o t o n i c a l l y  and q ~ 1/ (Rm as 
d ~ ,  which  fo l lows  f r o m  (4.3); the  q(d) d e p e n d e n c e  b e c o m e s  w e a k e r  as  Rm i n c r e a s e s ,  and q(d) a t t a i n s  i t s  
m a x i m u m  va lue  q(~) = R m  -1 the  e a r l i e r  the  l a r g e r  R m .  
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TABLE 1. 

1.0 

2.0 

:5.0 

10 

50 

t .0  
t .0  
t .74 
1.74 
8.0 
8.0 

t .0  
t .0  
t .74 
t .74 
8.0 
8.0 

t .0  
i.O 
t .74 
t .74 
8.0 
8.0 

t .0  
t . 0  
t .74 
t .74 
8.0 
8.0 

1.0 
t .0  
1.74 
t .74  
8.0 
8.0 

1.0 
t .0  
1.74 
1.74 
8.0 
8.0 

d=O 

0.2602 
0.0815 
0.2703 
0.0825 
0.27t4 
0.0826 

0.2451 
0.0778 
0.2568 
0.0794 
0.2591 
0.0797 

0.2110 
0.0689 
0.2254 
0.0717 
0.2308 
0.0729 

0.1216 
0.04tl 
0.t352 
0.0463 
0.1493 
0.0516 

0.0633 
0.0194 
0.0705 
0.0235 
0.0864 
0.0304 

0.0117 
0.0019 
0.0t25 
0.0024 
0.0158 
0.0052 

d=0.5 

0.400t 
0.17t7 
0.44t5 
0.1783 
0.4520 
0.1800 

0.3521 
0.1512 
0.39t5 
0.t603 
0.4104 
0.1652 

0.2670 
0.t134 
0.3003 
0.1252 
0.3322 
0.1369 

0.124t 
0.0504 
0.1400 
0.0552 
0.1783 
0.0786 

0.0594 
0.0172 
0.0654 
0.0208 
0.0895 
0.0387 

0.0106 
0.0010 
0.0125 
0.0024 
0.0133 
0.0035 

d =I.0 

0.4724 
0.2401 
0.5464 
0.2555 
0.575O 
0.2614 

0.3929 
0.t940 
0.45t8 
0.2120 
0.4973 
0.2276 

0.2751 
0.1266 
0.3t50 
0.1445 
0.3745 
0.1715 

0.1t81 
0.0409 
0.t316 
0.0502 
0.1787 
0.0850 

0.0563 
0.0131 
0.0607 
0.0166 
0.0833 
0.0352 

0.0t03 
0.0007 
0.0106 
0.0009 
0.0122 
0.0024 

d~2.0 

0.5563 
0.3429 
0.6843 
0.378t 
0.7626 
0.3996 

0.4256 
0.2373 
0.5044 
0.2684 
0.6040 
0.3149 

0.2735 
0.1279 
0.3114 
0.1500 
0.408i 
0.2099 

0.1117 
0.0330 
0.12t3 
0.0406 
0.1680 
0.0782 

0.0537 
0.0096 
0.0565 
0.0t20 
0.0741 
0.O277 

0.0102 
0.0004 
0.0103 
0.0006 
0.01t3 
0.00t5 

d =5.0 

0.6687 
0.5315 
0.8987 
0.62t8 
t.1532 
0.72o4 

0.4450 
0:2652 
0.5336 
0.3085 
0.7270 
0.4341 

0.2635 
0.1109 
0.2907 
0.1299 
0.4040 
0.2194 

0.1056 
0.0233 
0.1105 
0.0278 
0.1427 
0.0569 

0.0516 
0.0063 
0.0530 
0.0076 
0.0627 
0.0168 

0.0101 
0.0003 
0.0101 
0.0003 
0.0106 
0.0008 

H o w e v e r ,  q(d) b e c o m e s  m o r e  c o m p l i c a t e d  f o r  f i n i t e  c~, a n d  f o r  R m r 0 t h e r e  i s  a l w a y s  a c I ( w h i c h  i n -  

c r e a s e s  w i t h  R m )  q(d)  h a s  a m a x i m u m ,  w i t h  t h e  c o r r e s p o n d i n g  d d e c r e a s i n g  a s  R m i n c r e a s e s  o r  a s  c 1 d e c r e a s e s .  

We s h a l l  s e e  b e l o w  t h a t  q - -  0 . 5 / R  m a s  d - -  ~ f o r  e I ~ ~o. 

T h i s  m e a n s  t h a t ,  i n  r e a l  c a s e s ,  w h e r e  t h e  f i e l d  s i z e  i s  a l w a y s  f i n i t e ,  one  n e e d s  t o  b e  v e r y  c a r e f u l  i n  

u s i n g  f o r m u l a s  f o r  t h e  J o u l e  l o s s  d e r i v e d  f o r  a s e m i i n f i n i t e  f i e l d .  O n e  c a n  n e g l e c t  t h e  i n t e r a c t i o n  of  t h e  i n -  

l e t  a n d  o u t l e t  c u r r e n t s  f o r  c 1 > 2 i f  d = 0 a n d  R m = 0, a n d  t h e  J o u l e  l o s s  c a n  b e  d e t e r m i n e d  a s  t w i c e  t h a t  f o r  

a s e m i i n f i n i t e  f i e l d ;  b u t  t h i s  c a n n o t  b e  d o n e  i f  R m  a n d  d d i f f e r  f r o m  z e r o ,  b e c a u s e  t h e  a s y m m e t r y  i n  t h e  r e -  

s u l t a n t  f i e l d  b e c o m e s  i m p o r t a n t ,  a n d  t h e  m o r e  s o  t h e  g r e a t e r  R m o r  d ( s ee  s e c t i o n  2) .  F o r  i n s t a n c e ,  t h e r e  

i s  n o t  m o r e  t h a n  5% d i f f e r e n c e  i n  t h e  q b e t w e e n  c 1 = ~o a n d  c~ = 1 i f  R m  = d = 0, w h e r e a s  d = 0 a n d  R m  = 50 

m a k e s  t h e  J o u l e  l o s s  f o r  c 1 = oo m o r e  t h a n  1 ,5  t i m e s  t h a t  f o r  c i  = 1 a n d  m o r e  t h a n  t w i c e  t h a t  f o r  R m  = 0 a n d  

d =  10 .  

F i g u r e  4 s h o w s  t h a t  o n e  c a n  u s e  t h e  l o s s  f o r m u l a  f o u n d  f o r  a s e m i i n f i n i t e  f i e l d  d o w n  t o  a l o w e r  l i m i t  

i n  c 1 t h a t  i n c r e a s e s  w i t h  R m  a n d  w i t h  d .  

W e  d e r i v e  a n  a p p r o x i m a t e  f o r m u l a  f o r  q b e f o r e  we c o n s i d e r  t h e  a n a l y t i c a l l y  s i m i l a r  b e h a v i o r  i n  r e l a -  

t i o n  t o  c l ,  R m ,  a n d  d .  F r o m  (2,3) w i t h  y = 0 a n d  (4.3) we  g e t  

2 - -  exp ( R  m - -  V R - ~  ~ -}- 4~o 2) ci - -  exp ( - -  R m - -  ~ f R m ~  -t- 4~o 2) cl 
q = 2 (n.~ ~ § 4~o~)'/2 (4.4) 

T h e  q of  (4.3) a n d  (4.4) d i f f e r  b y  n o t  m o r e  t h a n  1% f o r  R m a n d  d > 1, w h i l e  (4.4) g i v e s  v a l u e s  s l i g h t l y ,  

l a r g e r  t h a n  t h o s e  o f  (4.3) f o r  R m  a n d  d < 1.  (The  m a x i m u m  d i f f e r e n c e  i s  14% f o r  R m = d = 0,)  F i g u r e  5 

s h o w s  # 0 (d); (1.7) s h o w s  t h a t  # ~ ~ d -1 f o r  d > 10 ,  i n  w h i c h  c a s e  (4.4) g i v e s ,  f o r  R m a n d  c 1 s u c h  t h a t  e x p  

( - - 2 R m c l )  << 1, 
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2 --  exp (-- 2c I l Brad) 
tS p ~ q-~ 2[Rm2_~.(U/d)~]ll~ (4.5) 

\ The exponential  t e r m  contains all  the c~ dependence;  if c t = ~ for  finite 
a8 R m and d, the n u m e r a t o r  in (4.5) equals  two, and q ~ 1 / R  m for d ~oo and for  

~ . ~  finite Rm; if c I ~ co and d ~oo,  q -* 0 .5 /Rm"  F r o m  (4.5) we get the lower  l imi t  
- ~ ' - ~  to c i for  which one can use the formula  for  the Joule  loss  in the semi inf in i te  

d 0 case ,  for  which we mus t  have 
~ 8 8 Io 

Fig .  5 exp(-- 2c 1 / R,~d) <~ 1 

i . e . ,  2e i / R i n d  mus t  be g r e a t e r  than some number  dependent on the r e q u i r e d  accuracy ,  so c i > 0.5ARm d. 

P r e l i m i n a r y  e x p e r i m e n t s  and the r e s u l t s  of [4] imply  that  the induced c u r r e n t s  have l e s s  demagne t i z -  
ing effect than the above t heo re t i c a l  ana lys i s  would imply ,  which occur s  because  (see sec t ion  2) the m a g -  
netic  flux f rom the induced c u r r e n t s  p a s s e s  outside the magnet ic  c i r c u i t .  Also,  the solut ion takes  no ac -  
count of the shunting c u r r e n t s  in the conducting walls  or  of the ve loc i ty  prof i le  in the pipe .  

We are  indebted to A. B. Vatazhin for  his i n t e r e s t .  
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